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In this paper, the influence of an in-plane magnetic field B‖ on the finite-temperature phase
transitions in ν = 2 bilayer quantum Hall systems are examined. It is found that there can exist two
types of finite-temperature phase transitions. The first is the Kosterlitz-Thouless (KT) transitions,
which can have an unusual non-monotonic dependence on B‖; the second type originates from the
crossing of energy levels and always increases with B‖. Based on these results, we point out that
the threshold temperature observed in the inelastic light scattering experiments cannot be the KT
transition temperature, because the latter shows a totally different B‖-dependence as compared
with the experimental observation. Instead, it should be the level-crossing temperature, which we
found agrees with the B‖-dependence observed. Moreover, combining the knowledge of these two
transition temperatures, a complete finite-temperature phase diagram is presented.
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Recent theoretical works predict that, besides the fully
spin polarized ferromagnetic phase (F) and the paramag-
netic symmetric or spin singlet (S) phase, a novel canted
antiferromagnetic (C) phase can exist in the filling factor
ν = 2 bilayer quantum Hall (QH) systems.1–7 In such a
C phase, the electron spins in each layer are tilted away
from the external magnetic field direction due to the com-
petition between ferromagnetic ordering and singlet or-
dering. Encouraging experimental evidence in support of
the C phase has recently emerged through inelastic light
scattering spectroscopy,8,9 transport measurements,10,11
and capacitance spectroscopy.12 In particular, it is ob-
served for certain samples in the inelastic light scatter-
ing experiments8,9 that there is a threshold temperature
TSDE below which the spin conserved spin-density exci-
tation (SDE) mode (ω0 mode) seems to lose all spectral
weight. Because the U(1) planar spin rotational symme-
try is spontaneously broken in the C phase, there should
be a finite-temperature Kosterlitz-Thouless (KT) tran-
sition with a characteristic energy scale which is about
the vortex-antivortex binding energy.13 It is claimed that
the observed threshold temperature is the predicted KT
transition temperature TKT in the C phase.
2,3
While the predicted value of the KT transition tem-
perature (TKT ≈ 1.8 K in the Hartree-Fock theory
2,3)
is reasonably close to that of the threshold temperature
(TSDE ≈ 0.52 K) in the inelastic light scattering experi-
ment under normal magnetic fields,8 which seems to sup-
port the identification between these two temperature
scales, we point out that such an interpretation meets
trouble in the tilted magentic field experiment9 for two
reasons. First, it is found in Ref.[ 9] that the thresh-
old temperature rises as the parallel magnetic field B‖
increases. Nevertheless, we notice that (i) the sample
used in the experiment is located near the F-C phase
boundary in the quantum phase diagram (see the in-
set in Fig. 1); and (ii) an in-plane magnetic field ef-
fectively moves a sample even closer to the F-C phase
boundary.14 Hence the symmetry-breaking order param-
eter and therefore TKT should be reduced (c.f. Figs. 8
and 11 of Ref.[ 3]), rather than enhanced, when B‖ in-
creases. Thus the physical content of these two charac-
teristic temperatures should not be the same. Second, it
is questionable to regard the observed disappearance of
the ω0 mode at the threshold temperature as the transi-
tion to the C phase, if one is reminded that the spectral
weight of the ω0 mode (which does not involve any spin
flip) is also greatly suppressed in the F phase, where al-
most all spin-up (down) states are occupied (empty).15
When temperature T >∼ TKT for the systems near the F-
C quantum phase boundary, it is expected that, although
the expectation value of the in-plane spin component van-
ishes and the U(1) planar spin rotational symmetry is re-
stored, the spin component Sz along the direction of the
external magnetic field may still be nonzero. That is,
these systems at T >∼ TKT should behave somewhat like
the F phase at finite temperatures. (See Fig. 2 for our
finite-temperature phase diagram.) Thus it needs higher
temperatures for these systems to loss all their spin po-
larizations, such that the ω0 mode can be observed.
In this paper, the finite-temperature phase transitions
in ν = 2 bilayer quantum Hall systems are investigated.
As discussed above, one had not yet reached the cor-
rect theoretical understanding for the reported threshold
temperature. Hence we focus our attention on solving
this issue. Since the aforementioned arguments are quite
general, the same qualitative results should be obtained
irrespective of which kind of approximation methods be-
ing employed.16 For simplicity, we use the Hartree-Fock
approximation in the following. We show that the KT
transition temperature in the C phase2,3 can have an un-
usual non-monotonic dependence on the tilted angle of
the applied magnetic field. That is, TKT can either rise or
fall as B‖ is turned on, depending on whether the samples
are initially located near the C-S or the F-C phase bound-
ary in the quantum phase diagram. By using the sample
1
parameters in the tilted field experiment,9 we show that
TKT decreases as the tilted angle increases. Thus the KT
transition scenario do fail to explain the B‖-dependence
of the threshold temperature in Ref.[ 9]. Instead, in or-
der to link with the observed threshold temperature, we
propose another characteristic temperature TX caused by
the crossing of energy levels, since its variation with re-
spect to B‖ agrees qualitatively with the reported thresh-
old temperature. Based on the dependence of TKT and
TX on the tunneling-induced symmetric-antisymmetric
energy gap, a complete finite-temperature phase diagram
is shown.
As shown in Ref. [ 3], the KT transition temperature
is estimated to be17 TKT ≈ 0.9ρs/kB, with the spin stiff-
ness ρs = cA ρ
A
s + cE ρ
E
s , where
ρA/Es =
l2
4π
∑
p
p2 VA/E(p, 0), (1)
and the analytical forms of the constants cA and cE can
be written down explicitly by minimizing the Hartree-
Fock variational energy functional directly:7
cA =
∆2SAS[(∆
2
SAS −∆
2
z)
2 − (2U−∆z)
2][(2U−∆SAS)
2 − (∆2SAS −∆
2
z)
2]
(2U−)2(∆2SAS −∆
2
z)
4
, (2)
cE =
[(2U−∆z)
2 − (∆2SAS −∆
2
z)
2][∆2z(∆
2
SAS −∆
2
z)
2 −∆2SAS(2U−∆z)
2]
(2U−)2(∆2SAS −∆
2
z)
4
. (3)
Here ∆SAS is the tunneling-induced symmetric-
antisymmetric energy separation, ∆z is the Zeeman en-
ergy, and U− = (UA−UE)/2 with UA/E =
∑
p VA/E(p, 0)
being the exchange energy of the intralayer/interlayer
Coulomb interaction. The matrix elements VA/E(p1, p2)
of the intralayer/interlayer Coulomb interaction are
VA/E(p1, p2) =
1
Ω
∑
q
vA/E(q)δp1,qye
−q2l2/2eiqXp2l
2
, (4)
where Ω is the area of the system. vA(q) =
(2πe2/ǫq)FA(q, b) and vE(q) = vA(q)FE(q, b)e
−qd are the
Fourier transforms of the intralayer and the interlayer
Coulomb interaction potentials. ǫ is the dielectric con-
stant of the system, and d is the interlayer separation.
We have also included the finite-well-thickness correc-
tion by introducing the form factor FA/E(q, b) in the in-
tralayer/interlayer Coulomb potential, where FA(q, b) =
2/bq − 2(1 − e−qb)/b2q2, FE(q, b) = 4 sinh
2(qb/2)/b2q2,
and b is the width of a quantum well.14,18 Since we know
ρs exactly within the microscopic Hartree-Fock approxi-
mation, the KT transition temperature can be easily de-
termined. As shown in Refs.[ 2,3], the KT transition tem-
perature along with the symmetry-breaking order param-
eter drops continuously to zero as the phase boundaries
are approached from within the C phase.
Now we consider the tilted magnetic field case, where a
parallel magnetic field B‖ and a perpendicular field B⊥
both appear with the tilted angle Θ = tan−1(B‖/B⊥).
The effect of the parallel magnetic field on TKT can be
incorporated by the following replacements:14,19
∆SAS → ∆¯SAS = ∆SASe
−Q2l2/4,
∆z → ∆¯z = ∆z
√
1 + (B‖/B⊥)2, (5)
VE(p1, p2)→ V¯E(p1, p2) = VE(p1, p2)e
±iQp1l
2
,
with Q = B‖d/B⊥l
2 and the magnetic length l =√
h¯c/eB⊥. In Fig. 1 we show the transition tempera-
ture TKT as a function of the tilted angle Θ for some
typical sample parameters. Since it is relatively easy to
tune ∆SAS in fabrication, we vary its value with other
system parameters being fixed. Three possible situations
are depicted in Fig. 1: (i) if the system begins in the C
phase and near the C-S phase boundary (triangle), then
TKT (and ρs) grows as B‖ is turned on; (ii) if the sys-
tem is in the C phase and near the F-C phase boundary
(cross), then TKT (and ρs) is reduced as B‖ is turned on;
(iii) when the system lies between the two phase bound-
aries (circle), TKT (and ρs) can have an unusual non-
monotonic dependence on B‖, that is, it can increase
and then decrease as B‖ increases. We find that the en-
hancement (suppression) of TKT as Θ increases can be
large for the system near the C-S (F-C) phase boundary.
However, when the system lies between the two phase
boundaries, the magnitude of TKT may have roughly the
same value. Since the crossed line is the predicted TKT
for the sample studied in Ref.[ 9], which has a decreasing
dependence on Θ, the experimentally observed enhance-
ment of TSDE can not be explained by the result of TKT .
Motivated by the above results, we look for an-
other characteristic temperature above which the spec-
tral weight of the ω0 mode indeed becomes significant.
As mentioned before, for the systems near the F-C
phase boundary in the quantum phase diagram, a non-
vanishing spin polarization is possible when T >∼ TKT .
Consequently, the mean-field Hamiltonian of the self-
consistent Hartree-Fock theory at finite temperatures,
which takes this fact into account, reduces to
HHF = −
∆SAS + δSAS
2
∑
τ,k,σ
τc†τ,k,σcτ,k,σ
−
∆z + δz
2
∑
τ,k,σ
σc†τ,k,σcτ,k,σ, (6)
where δSAS = (UE/2)
∑
τ,σ τf(Eτ,σ) and δz =
(UA/2)
∑
τ,σ σf(Eτ,σ). Here the Landau gauge is as-
2
sumed, and c†τ,k,σ creates an electron at the lowest Lan-
dau level orbital k in the symmetric (τ = 1) or the anti-
symmetric (τ = −1) subbands with spin σ/2 (σ = ±1).
The thermal averages 〈c†τ,σcτ,σ〉 = f(Eτ,σ), where f(E)
is the Fermi-Dirac distribution function and the energy
eigenvalues of this mean-field Hamiltonian are
Eτ,σ = −
τ
2
(∆SAS + δSAS)−
σ
2
(∆z + δz). (7)
We assume that the translational symmetry is not bro-
ken, thus these expectation values have no intra-Landau
level dependence. Since we consider only the case of
T > TKT , the order parameters for the C phase are
dropped. Moreover, because of the symmetry in the en-
ergy levels, the chemical potential is fixed at zero for all
temperatures. We see that the four energy levels for the
non-interacting electrons are shifted by the self-consistent
mean fields, δSAS and δz, both of which have temperature
dependence.
For T > TKT , if we assume that the effective Zee-
man energy, ∆z + δz, is initially larger than the effective
symmetric-antisymmetric energy gap, ∆SAS + δSAS, the
crossing of energy levels can occur at a higher temper-
ature T = TX > TKT , because the mean field δz is a
monotonic decreasing function of T . Thus at T = TX ,
where level crossing occurs, one has
∆SAS + δSAS = ∆z + δz, (8)
1
2
∑
τ,σ
σf(Eτ,σ) =
1
2
∑
τ,σ
τf(Eτ,σ) = f(E+1,+1)−
1
2
, (9)
By solving Eqs. (8) and (9) with Eq. (7), the level-
crossing temperature TX can be determined. Combin-
ing the knowledge of the KT transition temperature,2,3
a complete phase diagram at finite temperatures can be
obtained as shown in Fig. 2, where the phase boundaries
for the tilted angle Θ = 30◦ are also presented. In the
F phase, the planar spins are thermally randomized but
〈Sz〉 remains nonzero. This finite-temperature phase dia-
gram indeed confirms our previous arguments. Note that
for ∆SAS slightly larger than 0.23 e
2/ǫl, the C phase di-
rectly transits to the S phase at finite temperatures, in
which 〈Sz〉 = 0. It can be seen that an in-plane magnetic
field moves the finite-temperature phase boundaries to
the right, due to the effective modification of the sam-
ple parameters given in Eq. (5). With a fixed ∆SAS, the
change of the transition temperatures for a tilted mag-
netic field with Θ = 30◦ can be read out directly from
Fig. 2. This finite-temperature phase diagram indicates
that TX is an increasing function of Θ. By using Eq. (5),
the tilted-field dependence of TX is explicitly shown in
Fig. 3. The values of ∆SAS are chosen such that the cor-
responding samples can undergo both C→F and F→S
phase transitions with rising temperatures (see Fig. 2),
even though only the F→S transition temperatures TX
are plotted. In general, it takes a higher TX for a sample
with a smaller ∆SAS to transit to the S phase, which is
reasonable since the F phase becomes more stable for a
larger ratio of ∆z/∆SAS. The in-plane magnetic field al-
ways elevates TX , in contrast to its effect on TKT , which
is more complicated as shown in Fig. 1. The result shows
that for systems near the T = 0 F-C phase boundary
(say, for the cross symbol in the inset of Fig. 1), the
level-crossing temperature TX indeed increases with B‖
and should be identified as the experimentally observed
TSDE.
Before closing this paper, some remarks are in order.
First, we would like to comment that the threshold tem-
perature in the experiment8 is TSDE ≈ 0.5 K, which is
considerably lower then the calculated TX ≈ 17 K using
the actual experimental sample parameters (see Fig. 2
for ∆SAS = 0.1 e
2/ǫl). Therefore, the present theory is
not quantitatively satisfying. The quantum fluctuations
neglected in the mean-field theory should lower the cal-
culated level-crossing temperature TX and reduce this
discrepancy. Although the above analysis is crude, it pro-
vides a starting point for interpreting the enhancement
of the threshold temperature in Ref.[ 9]. Second, we no-
tice that, for the sample in the transport experiment11
(say, the sample with the total density nt = 0.7 × 10
11
cm−2 at the balanced point), which is initially located in
the C phase and near the T = 0 F-C phase boundary, its
activation energy decreases as the tilted angle increases
from zero. We suggest that the energy scale set by TKT
(i.e. the vortex-antivortex binding energy) may be re-
lated to this activation energy, since they have similar
B‖-dependence.
In conclusion, we have investigated the dependence
of phase transition temperatures, TKT and TX , on the
in-plane magnetic field and demonstrated that it is TX ,
rather than TKT , that agrees qualitatively with the ex-
perimentally reported threshold temperature. We have
also obtained a finite-temperature phase diagram of the
bilayer systems based on the Hartree-Fock approxima-
tion. A verification of these two different phase transi-
tions awaits experimental measurements to probe the C
phase more directly at lower temperatures. For example,
the heat capacity measurements should show power law
temperature dependence in the C phase (see Fig. 12 of
Ref. [ 3]) because of the existence of the gapless Goldstone
mode due to spontaneous symmetry breaking. Once that
being achieved, it would be quite interesting for future
experiments to confirm the predicted non-monotonic B‖-
dependence of TKT .
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FIG. 1. kBTKT as a function of the tilted angle Θ (in unit
of degree) of the applied magnetic field with a fixed B⊥. The
energy unit is the intralayer Coulomb energy e2/ǫl. The Zee-
man energy caused by B⊥ is ∆z = 0.008. The interlayer sep-
aration is d = 1.45 and the layer thickness is b = 1.0. Crosses,
circles, and triangles correspond to ∆SAS = 0.1, 0.2, and 0.4,
respectively. Their locations in the ∆z−∆SAS quantum phase
diagram calculated by the Hartree-Fock theory with Θ = 0◦
are shown in the inset. Notice that the cross symbol repre-
sents the experimental sample of Ref.[ 9], and its location is
very close to the F-C phase boundary in the quantum phase
diagram.
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FIG. 2. ν=2 bilayer phase diagrams at finite tempera-
tures. The energy unit is e2/ǫl. The sample parameters,
∆z, d, and b are the same as in Fig. 1. The continuous lines
are the phase boundaries for a perpendicular magnetic field.
The dotted lines are for a magnetic field tilted by 30 degrees.
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FIG. 3. kBTX as a function of the tilted angle Θ (in unit
of degree) of the applied magnetic field with a fixed B⊥. The
energy unit is e2/ǫl. Continuous, dotted, and dashed lines cor-
respond to ∆SAS = 0.062, 0.15, and 0.23, respectively. The
sample parameters, ∆z, d, and b are the same as in Fig. 1.
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